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We show that the information of renormalization group (RG) equations are geometrically encoded
into an emergent holographic dual description, which duality-transforms a D−dimensional quantum
field theory into a (D + 1)−dimensional classical gravity theory in the large N limit, where N
represents the flavor degeneracy of quantum fields. First, we reformulate RG transformations in a
recursive way with introduction of an order-parameter field. As a result, we manifest the RG flow
of an effective field theory through the emergence of an extra dimensional space, where both RG
β−functions of coupling functions and RG flow equation of the order-parameter field appear in the
resulting effective action explicitly through the extra dimensional space. Second, we consider an
effective dual holographic description derived recently, where the classical gravity theory of the large
N limit takes into account quantum corrections in the all-loop order. This non-perturbative nature
turns out to originate from an intertwined renormalization structure between both RG flow equations
of coupling functions and order-parameter fields in the emergent extra-dimensional space, where the
IR boundary condition of the order-parameter field gives rise to a mean-field equation with fully
renormalized interaction coefficients. Third, comparing the RG-reformulated effective field theory
with this effective dual holographic description, we obtain term-by-term matching conditions in the
level of an effective action. As a result, we express all RG coefficients of fields and interaction vertices
in terms of the metric tensor of the dual holographic theory. Through this metric reformulation for
the RG analysis, we propose a prescription on how to find RG β−functions of interaction coefficients
in a non-perturbative way beyond the perturbative RG analysis. In particular, we claim that
the present prescription of the RG flow generalizes the holographic RG flow of the holographic
duality conjecture towards the absence of conformal symmetry, where the emergent holographic
dual effective field theory has been derived from the first principle, thus being applicable even away
from quantum criticality.
PACS numbers:
I. INTRODUCTION
Holographic duality conjecture [1–7] states that aD−dimensional quantum field theory can be duality-mapped
into a (D + 1)−dimensional quantum gravity theory, where the quantum gravity theory is a hologram of the
quantum field theory. Correlation functions of conserved currents in the quantum field theory are given by those
of holographically dual dynamical fields in the quantum gravity theory, where energy-momentum tensor and
U(1) charge currents are dual holographically described by metric tensor and U(1) gauge fields, respectively.
The real power of this conjecture is based on the fact that quantum fluctuations of such bulk dual fields as
metric tensor and U(1) gauge fields are suppressed to become classical in the so called large−N limit, where N
corresponds to the number of degrees of freedom, central charge, roughly speaking. As a result, the dynamics of
strongly coupled quantum field theories is described by a holographically realized classical gravity theory with
bulk gauge fields.
It turns out that this dual holographic description predicts a novel quantum liquid state, referred to as holo-
graphic liquid [8–11]. Based on a vacuum solution for the metric tensor and U(1) gauge field, one may consider
small variations in both metric tensor and U(1) gauge fields and find their normal mode solutions, which con-
tain the dynamics information of energy-momentum tensor and U(1) charge currents. These classical solutions
describe not only diffusive dynamics in transverse modes but also sound dynamics in longitudinal modes, which
correspond to those modes in hydrodynamics [8–10]. In particular, this dual holographic description gives rise
to a universally small value of the η/s ratio, where η is shear viscosity and s is entropy [11]. Furthermore,
one may extract out the Lyapunov exponent [12] from out-of-time-ordered correlation functions [13] of dual
holographic fields, known to be a measure of chaos. It has been conjectured that the Lyapunov exponent shows
its maximum value in the holographic liquid state, referred to as chaos bound [14–17].
It may not be so surprising that the dual holographic description gives rise to effective hydrodynamics, where
2only energy-momentum tensor and U(1) charge currents are slow variables to dominate over the low-energy
physics. However, neither the universally small value of η/s nor the chaos bound of the Lyapunov exponent is
within the perturbative theoretical framework as far as we understand. We believe that the dynamic nature of
the holographic liquid is beyond the symmetry principle. The question that we try to address in this paper is
how solving classical equations of motion coupled to background gravity with an extra dimensional space gives
rise to non-perturbative physics in strongly coupled quantum field theories.
To shed light on this issue, it is necessary to construct an effective dual holographic theory from a quantum
field theory based on the first principle [18–45]. An idea is to introduce a renormalization group (RG) energy
scale into the effective field theory as an extra dimensional space and to manifest the RG flow of the effective
field theory through the extra dimensional space. Actually, this idea has been investigated in the holographic
duality conjecture, referred to as holographic renormalization [4–6]. RG flows of interaction vertices are realized
in the extra dimensional space, serving as an effective curved spacetime for renormalized low-energy fluctuations
in this effective field theory. RG flows of correlation functions can be described by introducing order parameter
fields into the effective field theory, giving rise to a holographic dual formulation in the presence of this effective
curved spacetime background. See Fig. 1 of Ref. [46] for conceptual realization of this idea.
Recently, we proposed how to derive a holographic dual effective field theory from a quantum field theory:
Einstein-Klein-Gordon-type effective field theory in terms of dynamical metric tensor and dual scalar fields from
interacting scalar fields [44] and Einstein-Maxwell-type effective field theory in terms of dynamical metric tensor
and U(1) gauge fields from interacting Dirac fermions [45], respectively. Following the idea of the holographic
RG flow, we implemented Wilsonian RG transformations [47] recursively not in momentum space but in real
space a la Polchinski [48], also developed further by Sung-Sik Lee in his emergent holographic construction [39–
41]. This recursive RG transformation technique may be regarded as an inverse procedure of the holographic
renormalization [4–6]. Quantum fluctuations of both metric tensor and holographic dual (scalar or gauge)
fields are frozen to cause a classical field theory in the large N limit, where N is the flavor degeneracy of
quantum matter fields. It turns out that the classical gravity theory of the large N limit takes into account
quantum corrections in the all-loop order [43]. This non-perturbative nature originates from an intertwined
renormalization structure between both RG flow equations of coupling functions and order-parameter fields in
the emergent extra-dimensional space, where the IR boundary condition of the order-parameter field gives rise
to a mean-field equation with fully renormalized interaction coefficients [49].
In the present study, we clarify how the information of RG equations are geometrically encoded into the
emergent holographic dual description. More precisely, we express all RG coefficients of fields and interaction
vertices in terms of metric tensor of the dual holographic theory. Through this metric reformulation for the
RG analysis, we propose a prescription on how to find RG β−functions of interaction coefficients in a non-
perturbative way beyond the perturbative RG analysis. In particular, we claim that the present prescription of
the RG flow generalizes the holographic RG flow of the holographic duality conjecture towards the absence of
conformal symmetry, where the emergent holographic dual effective field theory has been derived from the first
principle, thus being applicable even away from quantum criticality [50].
II. REFORMULATION OF RENORMALIZATION GROUP TRANSFORMATIONS IN A
RECURSIVE WAY FOR INTERACTING RELATIVISTIC BOSONS
A. Renormalization group analysis
We start our discussions, reviewing the RG method [47]. An effective field theory for interacting scalar fields
is given by
Z =
∫
Dφ(B)α (x) exp
[
−
∫
dDx
{
[∂µφ
(B)
α (x)]
2 +m2B[φ
(B)
α (x)]
2 +
uB
2N
[φ(B)α (x)]
2[φ
(B)
β (x)]
2
}]
. (1)
φ
(B)
α (x) is a real scalar field with a flavor index α = 1, ..., N at a D−dimensional spacetime coordinate x, where
the superscript (B) denotes a bare field before renormalization. mB is the bare mass of these scalar bosons and
uB is the strength of their self-interactions.
The RG transformation is a careful way of the path integral. First, we separate the original bare field into low-
energy and high-energy degrees of freedom. This mode separation can be performed either in energy-momentum
3space or in real spacetime. For example, the high-energy mode is defined within a thin shell in the momentum
space. Now, we take the path integral for the high-energy degrees of freedom, where their quantum fluctuations
give rise to renormalization in interaction vertices between such low-energy degrees of freedom. Rescaling not
only the spacetime coordinate but also both low-energy quantum fields and their renormalized interactions,
which return the resulting effective action into its original form, we obtain an effective field theory in terms of
renormalized fields with renormalized interactions
Z =
∫
Dφ(R)α (y) exp
[
−
∫
dDy
{
Zφ[∂µφ
(R)
α (y)]
2 + Zm2m
2
R[φ
(R)
α (y)]
2 + Zu
uR
2N
[φ(R)α (y)]
2[φ
(R)
β (y)]
2
}]
. (2)
The spacetime coordinate x is rescaled to be x = e−ly, where l is an infinitesimal scaling parameter, identified
with an RG energy scale. φ
(R)
α (y) is a renormalized field, coming from the low-energy part of the bare field.
Quantum fluctuations of the high-energy modes give rise to self-energy corrections in low-energy fluctuations,
encoded into the field-renormalization constant Zφ. The RG equation for the quantum field is given by
φ(B)α (x) = e
D−2
2 lZ
1
2
φ φ
(R)
α (y). (3)
The mass of low-energy quantum fields is also renormalized, where the static part of the self-energy correction
is translated into the mass-renormalization constant Zm2 . The RG equation for the mass is given by
m2B(x) = e
2lZ−1φ Zm2m
2
R(y). (4)
Renormalization in the interaction vertex between renormalized quantum fields is described by the RG coefficient
Zu, where the corresponding RG equation is given by
uB(x) = e
(4−D)lZ−2φ ZuuR(y). (5)
It is straightforward to rewrite these RG equations in the form of differential equations, given by
d lnm2R
dl
= 2− d lnZφ
dl
+
d lnZm2
dl
≡ βm2(m2R, uR),
d lnuR
dl
= 4−D − 2d lnZφ
dl
+
d lnZu
dl
≡ βu(m2R, uR), (6)
and called RG β−functions for the interaction vertices of the quantum field theory. These RG β−functions
show how renormalized interaction parameters evolve as a function of the RG energy scale l to control quan-
tum fluctuations of high-energy modes. As clearly shown in these equations, essential ingredients are the RG
coefficients such as Zφ, Zm2 , and Zu. These RG coefficients are calculated based on the perturbation method.
In this study we propose a prescription on how to determine them non-perturbatively based on an emergent
and derived holographic dual effective field theory.
B. Recursive renormalization group transformations
To express all the RG coefficients in terms of the metric tensor, it is necessary to reformulate the above RG
procedure in a recursive way. We rewrite the partition function Eq. (2) in the following way
Z =
∫
Dφ(R)α (y)Dm
(0)2(y)Dγ
(0)
2 (y)Du
(0)(y)Dγ
(0)
4 (y)
exp
[
−
∫
dDy
{
Z
(0)
φ [∂µφ
(R)
α (y)]
2 + Z
(0)
m2m
(0)2(y)[φ(R)α (y)]
2 + Z(0)u
u(0)(y)
2N
[φ(R)α (y)]
2[φ
(R)
β (y)]
2
+γ
(0)
2 (y)[m
(0)2(y)− e−2lZ(0)φ Z(0)−1m2 m2B] + γ
(0)
4 (y)[u
(0)(y)− e−(4−D)lZ(0)2φ Z(0)−1u uB]
}]
. (7)
γ
(0)
2 (y) and γ
(0)
4 (y) are Lagrange multiplier fields to impose the RG-equation constraints for the mass and
self-interaction parameter, respectively. The reason for the introduction of the superscript (0) will be clarified
soon.
4Once again, we rewrite the above expression as follows
Z =
∫
Dφ(R)α (y)Dm
(0)2(y)Dm(1)2(y)Dγ
(0)
2 (y)Dγ
(1)
2 (y)Du
(0)(y)Du(1)(y)Dγ
(0)
4 (y)Dγ
(1)
4 (y)
exp
[
−
∫
dDyZ
(0)
φ
{
[∂µφ
(R)
α (y)]
2 + Z
(0)−1
m2 m
(1)2(y)[φ(R)α (y)]
2 + Z(0)−1u
u(1)(y)
2N
[φ(R)α (y)]
2[φ
(R)
β (y)]
2
}
−
∫
dDyZ
(0)
φ
{
γ
(0)
2 (y)[m
(0)2(y)− e−2lm2B] + γ(0)4 (y)[u(0)(y)− e−(4−D)luB]
}
−
∫
dDyZ
(0)
φ
{
γ
(1)
2 (y)[m
(1)2(y)− Z(0)m2m(0)2(y)] + γ
(1)
4 (y)[u
(1)(y)− Z(0)φ Z(0)u u(0)(y)]
}
+ 4
∫
dDy lnZ
(0)
φ
]
,(8)
where γ
(1)
2 (y) and γ
(1)
4 (y) are Lagrange multiplier fields to impose the constraint equations. The
last term results from the existence of Z
(0)
φ in the δ−function constraints of RG equations. It
is straightforward to check that this expression recovers Eq. (2) after the path integral of∫
Dm(0)2(y)Dm(1)2(y)Dγ
(0)
2 (y)Dγ
(1)
2 (y)Du
(0)(y)Du(1)(y)Dγ
(0)
4 (y)Dγ
(1)
4 (y), where all the RG coefficients are
identified as follows
Zφ = Z
(0)
φ , Zm2 = Z
(0)
m2 , Zu = Z
(0)
u . (9)
In this respect there is no further information here beyond Eq. (2).
Based on this reformulation, we suggest the following expression of the partition function
Z =
∫
Dφ(R)α (y)Π
f
k=0Dm
(k)2(y)Dγ
(k)
2 (y)Du
(k)(y)Dγ
(k)
4 (y) exp
[
−
∫
dDyΠfk=1Z
(k−1)
φ
{
[∂µφ
(R)
α (y)]
2
+Πfk=1Z
(k−1)−1
m2 m
(f)2(y)[φ(R)α (y)]
2 +Πfk=1Z
(k−1)−1
u
u(f)(y)
2N
[φ(R)α (y)]
2[φ
(R)
β (y)]
2
}
−
∫
dDyZ
(0)
φ
{
γ
(0)
2 (y)[m
(0)2(y)− e−2lm2B ] + γ(0)4 (y)[u(0)(y)− e−(4−D)luB]
}
−
∫
dDy
f∑
k=1
Z
(k−1)
φ
{
γ
(k)
2 (y)[m
(k)2(y)− Z(k−1)m2 m(k−1)2(y)] + γ
(k)
4 (y)[u
(k)(y)− Z(k−1)φ Z(k−1)u u(k−1)(y)]
}
+2
∫
dDy lnZ
(0)
φ + 2
∫
dDy
f∑
k=1
lnZ
(k−1)
φ
]
. (10)
Here, identifying all the RG coefficients of Eq. (2) in the following way
Zφ = Π
f
k=1Z
(k−1)
φ , Zm2 = Z
(f−1)
m2 , Zu = Z
(f−1)
u , (11)
we also reproduce the expression of Eq. (2) from the above partition function.
5Taking the limit of l→ 0 in this expression, we obtain
Z =
∫
Dφ(R)α (y)Π
f
k=0Dm
(k)2(y)Dγ
(k)
2 (y)Du
(k)(y)Dγ
(k)
4 (y) exp
[
−
∫
dDy exp
(
dl
f∑
k=1
d lnZ
(k−1)
φ
dl
){
[∂µφ
(R)
α (y)]
2
+exp
(
− dl
f∑
k=1
d lnZ
(k−1)
m2
dl
)
m(f)2(y)[φ(R)α (y)]
2 + exp
(
− dl
f∑
k=1
d lnZ
(k−1)
u
dl
)u(f)(y)
2N
[φ(R)α (y)]
2[φ
(R)
β (y)]
2
}
−
∫
dDyZ
(0)
φ
{
dlγ
(0)
2 (y)
(m(0)2(y)−m2B
dl
+ 2m2B
)
+ dlγ
(0)
4 (y)
(u(0)(y)− uB
dl
+ (4−D)uB
)}
−
∫
dDydl
f∑
k=1
Z
(k−1)
φ
{
γ
(k)
2 (y)
(m(k)2(y)−m(k−1)2(y)
dl
− d lnZ
(k−1)
m2
dl
m(k−1)2(y)
)
+γ
(k)
4 (y)
(u(k)(y)− u(k−1)(y)
dl
−
(d lnZ(k−1)φ
dl
+
d lnZ
(k−1)
u
dl
)
u(k−1)(y)
)}
+2
∫
dDy lnZ
(0)
φ + 2
∫
dDydl
f∑
k=1
d lnZ
(k−1)
φ
dl
]
, (12)
where all terms were kept up to the linear order in dl.
It is interesting to observe
dl
f∑
k=1
=⇒
∫ zf
0
dz. (13)
Based on this replacement, we reformulate the partition function of Eq. (2) as follows
Z =
∫
Dφ(R)α (y)Dm
2(y, z)Dγ2(y, z)Du(y, z)Dγ4(y, z)
exp
[
−
∫
dDy
Zφ(y, zf)
Zφ(y, 0)
{
[∂µφ
(R)
α (y)]
2 +
Z−1m2(y, zf)
Z−1m2(y, 0)
m2(y, zf )[φ
(R)
α (y)]
2 +
Z−1u (y, zf)
Z−1u (y, 0)
u(y, zf)
2N
[φ(R)α (y)]
2[φ
(R)
β (y)]
2
}
−
∫
dDyZφ(y, 0)
{
γ2(y, 0)
(∂m2(y, z)
∂z
∣∣∣
z=0
− 2m2(y, 0)
)
+ γ4(y, 0)
(∂u(y, z)
∂z
∣∣∣
z=0
− (4−D)u(y, 0)
)}
−
∫ zf
0
dz
∫
dDyZφ(y, z)
{
γ2(y, z)
(∂m2(y, z)
∂z
− ∂ lnZm2(y, z)
∂z
m2(y, z)
)
+γ4(y, z)
(∂u(y, z)
∂z
−
(∂ lnZφ(y, z)
∂z
+
∂ lnZu(y, z)
∂z
)
u(y, z)
)}
+ 2
∫
dDy lnZφ(y, zf )
]
, (14)
where the identification of RG coefficients is given by
Zφ = Zφ(y, zf), Zm2 = Zm2(y, zf), Zu = Zu(y, zf ) (15)
when all initial values of RG coefficients are set to be Zφ(y, 0) = Zm2(y, 0) = Zu(y, 0) = 1. Now, the RG
scale appears as an extra dimensional space in the level of the effective action. As a result, the RG flow of
the effective action is manifested through the introduction of the extra dimensional space, where renormalized
interaction parameters serve as an effective curved spacetime for the renormalized scalar fields. However, we
emphasize that this partition function does not have any more information than the original expression in terms
of renormalized fields and interaction vertices.
C. Introduction of an order parameter field in the recursive renormalization group transformations
To introduce non-perturbative physics into the previous RG procedure, we modify the RG transformation
to take into account an intertwined renormalization structure between RG β−functions of interaction param-
eters and RG flow equation of an order-parameter field [49]. Although it is not clear what the intertwined
6renormalization structure means at present, we clarify this point in the discussion of an emergent and derived
holographic dual effective field theory of the next section.
We introduce an order parameter field into Eq. (8), taking the Hubbard-Stratonovich transformation for the
self-interaction channel. Then, we obtain
Z =
∫
Dφ(R)α (y)Dϕ
(0)(y)Dm(0)2(y)Dm(1)2(y)Dγ
(0)
2 (y)Dγ
(1)
2 (y)Du
(0)(y)Du(1)(y)Dγ
(0)
4 (y)Dγ
(1)
4 (y)
exp
[
−
∫
dDyZ
(0)
φ
{
[∂µφ
(R)
α (y)]
2 + Z
(0)−1
m2 m
(1)2(y)[φ(R)α (y)]
2 − iϕ(0)(y)[φ(R)α (y)]2 +
NZ
(0)
u
2u(1)(u)
[ϕ(0)(y)]2
}
−
∫
dDyZ
(0)
φ
{
γ
(0)
2 (y)[m
(0)2(y)− e−2lm2B] + γ(0)4 (y)[u(0)(y)− e−(4−D)luB]
}
−
∫
dDyZ
(0)
φ
{
γ
(1)
2 (y)[m
(1)2(y)− Z(0)m2m(0)2(y)] + γ
(1)
4 (y)[u
(1)(y)− Z(0)φ Z(0)u u(0)(y)]
}
+ 4
∫
dDy lnZ
(0)
φ
]
,(16)
where ϕ(0)(y) is an order parameter field.
An important additional step is to perform the RG transformation for this newly introduced collective field.
Separating the dual scalar field into low and high energy modes, and integrating over high-energy fluctuations, we
obtain newly generated effective self-interactions of original scalar fields. Performing the Hubbard-Stratonovich
transformation for this additional interaction channel once again, we obtain an independent new order param-
eter, denoted by ϕ(1)(y) in addition to ϕ(0)(y). As a result, we have the following expression
Z =
∫
Dφ(R)α (y)Dϕ
(0)(y)Dϕ(1)(y)Dm(0)2(y)Dm(1)2(y)Dγ
(0)
2 (y)Dγ
(1)
2 (y)Du
(0)(y)Du(1)(y)Dγ
(0)
4 (y)Dγ
(1)
4 (y)
exp
[
−
∫
dDyZ
(0)
φ
{
[∂µφ
(R)
α (y)]
2 + Z
(0)−1
m2 m
(1)2(y)[φ(R)α (y)]
2 − ie−lϕ(1)(y)[φ(R)α (y)]2
+
NZ
(0)
u
2u(1)(y)
[ϕ(0)(y)]2 + l
NZ
(0)
u
2u(1)(y)
(ϕ(1)(y)− ϕ(0)(y)
l
)2}
−
∫
dDyZ
(0)
φ
{
γ
(0)
2 (y)[m
(0)2(y)− e−2lm2B] + γ(0)4 (y)[u(0)(y)− e−(4−D)luB]
}
−
∫
dDyZ
(0)
φ
{
γ
(1)
2 (y)[m
(1)2(y)− Z(0)m2m(0)2(y)] + γ
(1)
4 (y)[u
(1)(y)− Z(0)φ Z(0)u u(0)(y)]
}
+ 4
∫
dDy lnZ
(0)
φ
]
, (17)
where the field shift of ϕ(1)(y) =⇒ ϕ(1)(y)−ϕ(0)(y) has been taken. We note that ϕ(0)(y) is updated as ϕ(1)(y)
in the coupling term of −ie−lϕ(1)(y)[φ(R)α (y)]2.
Following the previous RG strategy, we repeat this RG transformation and obtain the partition function
Z =
∫
Dφ(R)α (y)Π
f
k=0Dϕ
(k)(y)Dm(k)2(y)Dγ
(k)
2 (y)Du
(k)(y)Dγ
(k)
4 (y)
exp
[
−
∫
dDyΠfk=1Z
(k−1)
φ
{
[∂µφ
(R)
α (y)]
2 +Πfk=1Z
(k−1)−1
m2 m
(f)2(y)[φ(R)α (y)]
2 − ie−lϕ(f)(y)[φ(R)α (y)]2
}
−
∫
dDyZ
(0)
φ
{ NZ(0)u
2u(1)(y)
[ϕ(0)(y)]2 + γ
(0)
2 (y)[m
(0)2(y)− e−2lm2B] + γ(0)4 (y)[u(0)(y)− e−(4−D)luB]
}
−
∫
dDy
f∑
k=1
Z
(k−1)
φ
{
l
NΠkp=1Z
(p−1)
u
2u(k)(y)
(ϕ(k)(y)− ϕ(k−1)(y)
l
)2
+ l
NCϕ(m(k)2)
2
[∂µϕ
(k)(y)]2
+γ
(k)
2 (y)[m
(k)2(y)− Z(k−1)m2 m(k−1)2(y)] + γ
(k)
4 (y)[u
(k)(y)− Z(k−1)φ Z(k−1)u u(k−1)(y)]
}
+2
∫
dDy lnZ
(0)
φ + 2
∫
dDy
f∑
k=1
lnZ
(k−1)
φ
]
. (18)
We point out that l
NCϕ(m
(k)2)
2 [∂µϕ
(k)(y)]2 is newly generated by quantum fluctuations of high-energy φ
(R)
α (y)
modes, given by the gradient expansion of their vacuum fluctuation energy with respect to the heavy mass
7at the k−th step of the RG transformation. Cϕ(m(k)2) is a positive parameter, which decreases as the mass
increases.
Finally, we obtain an effective field theory with an emergent extra dimensional space, given by
Z =
∫
Dφ(R)α (y)Dϕ(y, z)Dm
2(y, z)Dγ2(y, z)Du(y, z)Dγ4(y, z)
exp
[
−
∫
dDy
Zφ(y, zf )
Zφ(y, 0)
{
[∂µφ
(R)
α (y)]
2 +
Z−1m2(y, zf )
Z−1m2(y, 0)
m2(y, zf)[φ
(R)
α (y)]
2 − iϕ(y, zf)[φ(R)α (y)]2
}
−N
∫
dDyZφ(y, 0)
{Zu(y, 0)
2u(y, 0)
[ϕ(y, 0)]2 − γ2(y, 0)
(∂m2(y, z)
∂z
∣∣∣
z=0
− 2m2(y, 0)
)
−γ4(y, 0)
(∂u(y, z)
∂z
∣∣∣
z=0
− (4 −D)u(y, 0)
)}
−N
∫ zf
0
dz
∫
dDyZφ(y, z)
{ 1
2u(y, z)
Zu(y, z)
Zu(y, 0)
[∂zϕ(y, z)]
2
+
Cϕ[m2(y, z)]
2
[∂µϕ(y, z)]
2 − γ2(y, z)
(∂m2(y, z)
∂z
− ∂ lnZm2(y, z)
∂z
m2(y, z)
)
−γ4(y, z)
(∂u(y, z)
∂z
−
(∂ lnZφ(y, z)
∂z
+
∂ lnZu(y, z)
∂z
)
u(y, z)
)}
+ 2
∫
dDy lnZφ(y, zf)
]
, (19)
where N has been introduced in front of Lagrange multiplier fields in order to clarify the large N limit later.
It is clear the physical picture that this effective field theory describes. First of all, we point out that quantum
fluctuations of the holographic or bulk dual order parameter field ϕ(y, z) are suppressed in the large N−limit.
This dual scalar field evolves through the emergent curved spacetime, given by the renormalized interaction
vertex u(y, z) and the renormalized mass m2(y, z) in Cϕ[m2(y, z)]. We would like to emphasize that all the
RG coefficients for fields and interaction vertices now depend on the order parameter field ϕ(y, z), resulting
in feedback effects to itself through the effective curved spacetime. In other words, both interaction and mass
parameters are given by a function of the order parameter field. This intertwined renormalization gives rise
to non-perturbative self-energy corrections in the dynamics of the original scalar field φ
(R)
α (y) at IR z = zf ,
described by −iϕ(y, zf)[φ(R)α (y)]2. This is a novel large−N mean-field theory with non-perturbative renormal-
ization effects, which will be more clarified below. In the next section, we express all the RG coefficients in
terms of an emergent metric tensor of an effective holographic dual field theory.
III. GEOMETRIC ENCODING OF RENORMALIZATION GROUP β−FUNCTIONS IN AN
EMERGENT DUAL HOLOGRAPHIC DESCRIPTION FOR INTERACTING RELATIVISTIC
BOSONS
A. Emergent dual holographic description
Recently, we constructed or, more precisely, derived a dual holographic Einstein-Klein-Gordon-type effective
field theory from an effective scalar field theory based on the recursive RG technique [44] conceptually discussed
in the previous section. We considered the following partition function
Z =
∫
Dφα exp
{
−
∫
dDx
√
gB
{
gµνB (∂µφα)(∂νφα) +m
2φ2α + ξRBφ
2
α +
u
2N
φ2αφ
2
β +
λ
2N
TµνT
µν
}}
. (20)
φα is a scalar field with a flavor index α = 1, ..., N . g
µν
B is a background metric tensor, which may be g
µν
B = δ
µν
to describe a D−dimensional Euclidean spacetime. gB is the determinant of the metric tensor, where dDx√gB
gives an invariant infinitesimal volume factor. m is the mass of the scalar field, and u is the strength of self-
interactions. RB is Ricci scalar, where ξ is the coupling constant between the scalar field and the scalar curvature
[51]. Tµν is an energy-momentum tensor, where λ is the coupling constant. Although this effective interaction
is irrelevant at the Gaussian fixed point of this effective field theory, consideration of this tensor interaction
plays an important role in the dual holographic description. It turns out that this effective interaction leads the
metric tensor to be fully dynamical, to be discussed in more details.
8To derive an effective dual holographic description for this effective field theory, we introduced two kinds of
dual order parameter fields, which decompose both self-interactions of the density and the energy-momentum
tensor, respectively. These dual fields are given by ϕ(x, 0) and gµν(x, 0), respectively, where 0 means the UV
boundary z = 0 of the emergent extra dimensional space, corresponding to the absence of RG transformations.
Then, we separate all quantum fields of φα(x), ϕ(x, 0), and g
µν(x, 0) into their slow and fast degrees of freedom
and perform the path integral for the fast degrees of freedom. As a result, we obtain an effective field theory
for low-energy quantum fields, where various types of effective interactions are newly generated. For example,
the Gaussian integration for both high-energy modes in ϕ(x, 0) and gµν(x, 0) gives rise to additional self-
interactions for both density and energy-momentum tensor channels. Once again, we perform the Hubbard-
Stratonovich transformation for these newly generated self-interactions and obtain additional dual dynamical
order parameter fields, given by ϕ(x, 1) and gµν(x, 1). Here, 1 denotes the first RG transformation. Considering
additional effective interactions given by the integration of φα(x), we can find a repetition rule for the recursive
implementation of RG transformations.
Physical ingredients of this effective action after the first RG transformation are as follows. It is easy to
figure out that quantum fluctuations of ϕ(x, 0) and ϕ(x, 1) are suppressed in the large N limit while the path
integral for original matter fields φα(x) is Gaussian due to the second Hubbard-Stratonovich transformation
and metric-tensor fields are also renormalized and updated. As a result, we obtain coupled mean-field equations
for ϕ(x, 0) and ϕ(x, 1) with background geometry given by the upgraded metric tensor in the large N limit.
The mean-field equation of ϕ(x, 0) corresponds to the conventional saddle-point approximation of the related
quantum field theory in the large N limit. On the other hand, the mean-field equation of ϕ(x, 1) coupled to that
of ϕ(x, 0) gives rise to 1/N corrections to the mean-field solution of ϕ(x, 0). This point has been demonstrated
in Ref. [43] more explicitly. In addition, the renormalized metric tensor take into account vertex corrections in
the one-loop level, where all coupling functions are renormalized. In this respect the effective action of the large
N limit after the first RG transformation is an effective mean-field theory for ϕ(x, 0), where both 1/N quantum
corrections (self-energies) given by ϕ(x, 1) and vertex corrections described by the renormalized metric tensor
have been introduced self-consistently through the RG transformation with background dual fields. In other
words, this theoretical framework gives a one-loop-level RG-improved self-consistent mean-field theory in the
large N limit after the first RG transformation.
Repeating these RG transformations in a recursive way and taking the large N limit, we find an effective
mean-field theory for all collective dual order parameter fields, where not only 1/N , 1/N2, ..., 1/Nf quantum
corrections (self-energies) but also vertex corrections described by the renormalized metric tensor have been in-
troduced and resumed self-consistently through these recursive RG transformations with background dual fields.
Here, f denotes the number of recursive RG transformations. It is important to notice that both self-energy
and vertex corrections are self-consistently introduced and resumed to show an intertwined renormalization
structure, which results in an effective large N non-perturbative mean-field theory. In particular, this inter-
twined renormalization structure can be seen in the RG flow of the metric tensor, where the Green’s function of
high-energy quantum fluctuations of original matter fields takes into account the dynamical information, which
depends on both the auxiliary dual field and the metric tensor field at the same time. This non-perturbative
nature has been discussed in our recent study [49] more explicitly. We claim that this non-perturbative re-
summation of the large N limit is certainly a novel aspect of the present dual holographic description beyond
all existing literatures based on the first-principle derivation.
The resulting holographic dual effective field theory is given by [44, 45]
Z =
∫
Dϕ(x, z)Dgµν(x, z) exp
[
− SIR[ϕ(x, zf ), gµν(x, zf )]− SBulk[ϕ(x, z), gµν(x, z)]− SUV [ϕ(x, 0), gµν(x, 0)]
]
.
(21)
SIR[ϕ(x, zf ), gµν(x, zf )] is an effective action to give the IR boundary condition with the Gibbons-Hawking-York
9action [52, 53] from the bulk effective action. It is given by
SIR[ϕ(x, zf ), gµν(x, zf )] = − ln
∫
Dφα(x) exp
[
−
∫
dDx
√
g(x, zf )
{
gµν(x, zf )[∂µφα(x)][∂νφα(x)]
+[m2 + ϕ(x, zf )]φ
2
α(x)
}]
= N
∫
dDx
√
g(x, zf )
{
− C
f
ϕ
2
gµν(x, zf )[∂µϕ(x, zf )][∂νϕ(x, zf )]− CfξR(x, zf )[ϕ(x, zf )]2
+
1
2κf
(
R(x, zf )− 2Λf
)}
, (22)
where the gradient expansion with respect to m has been performed. Cfϕ and Cfξ are positive numerical coef-
ficients, which decrease as m increases. The last Einstein-Hilbert action results from vacuum fluctuations of
quantum matter fields, referred to as induced gravity [54, 55]. The holographic or bulk effective action is given
by
SBulk[ϕ(x, z), gµν(x, z)] = N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
− 1
2u
[∂zϕ(x, z)]
2 − Cϕ
2
gµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)]
−CξR(x, z)[ϕ(x, z)]2 − 1
2λ
(
∂zg
µν(x, z)− gµα(x, z)(∂α∂α′Gxx′ [gµν(x, z), ϕ(x, z)])x′→xgα′ν(x, z)
)2
+
1
2κ
(
R(x, z)− 2Λ
)}
. (23)
We have also seen a similar term of −
√
g(x,z)
2u [∂zϕ(x, z)]
2 in the previous section, which results from
the self-interaction of the density channel. N
∫ zf
0 dz
∫
dDx
√
g(x, z)
{
− Cϕ2 gµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)] −
CξR(x, z)[ϕ(x, z)]2+ 12κ
(
R(x, z)−2Λ
)}
comes from vacuum fluctuations of high-energy modes in φα(x) [54, 55]
during the recursive RG transformation, as discussed in the IR effective action. The most nontrivial term is
− 12λ
(
∂zg
µν(x, z)−gµα(x, z)(∂α∂α′Gxx′ [gµν(x, z), ϕ(x, z)])x′→xgα′ν(x, z)
)2
to describe the evolution of the met-
ric tensor in the extra dimensional space. Here, Gxx′ [gµν(x, z), ϕ(x, z)] is the Green’s function of heavy scalar
fields, given by
{
− 1√
g(x, z)
∂µ
(√
g(x, z)gµν(x, z)∂ν
)
+
m2 + ϕ(x, z)
ǫ
}
Gxx′ [gµν(x, z), ϕ(x, z)] =
1√
g(x, z)
δ(D)(x − x′),
(24)
where the infinitesimal parameter ǫ ∼ dl denotes the heavy mass character. We emphasize that only this Green’s
function encodes the information on dynamics. On the other hand, the second-order z−derivative in the metric
tensor results from the self-interaction of the energy-momentum tensor channel. Below, we consider the case
of λ→ 0, which gives rise to ∂zgµν(x, z) = gµα(x, z)
(
∂α∂α′Gxx′ [gµν(x, z), ϕ(x, z)]
)
x′→x
gα
′ν(x, z). We point out
our gauge fixing for the metric tensor [44, 45], given by gDD(x, z) = 0 and gµD(x, z) = gDν(x, z) = 1 with
µ, ν = 0, ..., D − 1 and involved with the lapse function and the shift vector in the Hamiltonian formulation of
the metric tensor, respectively [56]. The UV effective action is
SUV [ϕ(x, 0), gµν(x, 0)] = N
∫
dDx
√
g(x, 0)
{
− 1
2u
(
ϕ(x, 0)− ξR(x, 0)
)2
− 1
2λ
(
gµν(x, 0)− gµνB (x)
)2}
,(25)
which determines the UV boundary condition with the Gibbons-Hawking-York action from the above bulk
effective action. One may have gµνB (x) = δ
µν and R(x, 0) = 0 as a UV boundary condition for the metric tensor.
To compare this emergent dual holographic description with the RG-reformulated effective field theory of Eq.
10
(19), we focus on the limit of λ→ 0. Then, we obtain the following dual holographic effective field theory
Z =
∫
Dφα(x)Dϕ(x, z)Dgµν (x, z)δ
(
gµν(x, 0)− gµνB (x)
)
δ
{
∂zg
µν(x, z)− gµα(x, z)
(
∂α∂α′Gxx′ [gµν(x, z), ϕ(x, z)]
)
x′→x
gα
′ν(x, z)
}
exp
[
−
∫
dDx
√
g(x, zf )
{
gµν(x, zf )[∂µφα(x)][∂νφα(x)] + [m
2 + ϕ(x, zf )]φ
2
α(x)
}
−N
∫
dDx
√
g(x, 0)
{
− 1
2u
[ϕ(x, 0)]2
}
−N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
− 1
2u
[∂zϕ(x, z)]
2 − Cϕ
2
gµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)] +
1
2κ
(
R(x, z)− 2Λ
)}]
.
(26)
An essential point is that the RG flow of the metric tensor through the extra dimensional space is now the first
order in the z−derivative. In other words, the metric tensor is not fully dynamical any more. We also point
out that this mathematical form of the RG flow for the metric tensor remains to be almost unchanged in the
absence of any interactions, given by the limit of u→ 0 and reduced to be
Z =
∫
Dgµν(x, z)δ
(
gµν(x, 0)− gµνB (x)
)
δ
{
∂zg
µν(x, z)− gµα(x, z)
(
∂α∂α′Gxx′ [gµν(x, z)]
)
x′→x
gα
′ν(x, z)
}
exp
[
− N
2κf
∫
dDx
√
g(x, zf )
(
R(x, zf )− 2Λf
)
− N
2κ
∫ zf
0
dz
∫
dDx
√
g(x, z)
(
R(x, z)− 2Λ
)]
, (27)
where the path integral for matter fields has been taken and the Green’s function of high-energy boson fields is
{
− 1√
g(x, z)
∂µ
(√
g(x, z)gµν(x, z)∂ν
)
+
m2
ǫ
}
Gxx′ [gµν(x, z), ϕ(x, z)] =
1√
g(x, z)
δ(D)(x− x′).
We emphasize that this geometric description is just a reformulation of a free boson theory, where there exist
no dynamical degrees of freedom in the metric tensor. It turns out that the evolution equation of the metric
tensor describes the RG flow of the hopping parameter in a non-interacting lattice model [44, 49]. In this respect
an important point for the description of non-perturbative physics is the intertwined renormalization structure
between the order parameter field and the interaction vertices or the background geometry [49]. Furthermore,
effective interactions between energy-momentum tensor currents uplift the metric tensor to be fully dynamical,
encoded into the second-order z−derivative in the bulk effective action.
B. How to identify renormalization group β−functions with background gravity
Finally, we express all the RG coefficients of the RG-reformulated effective field theory in terms of the metric
tensor of the emergent dual holographic theory. We recall the RG-reformulated effective field theory of Eq. (19)
with Zφ(y, 0) = Zm2(y, 0) = Zu(y, 0) = 1,
Z =
∫
Dφ(R)α (y)Dϕ(y, z) exp
[
−
∫
dDyZφ(y, zf)
{
[∂µφ
(R)
α (y)]
2 + [Z−1m2(y, zf)m
2(y, zf) + ϕ(y, zf )][φ
(R)
α (y)]
2
}
−N
∫
dDy
{
− 1
2u
[ϕ(y, 0)]2
}
−N
∫ zf
0
dz
∫
dDyZφ(y, z)
{
− Zu(y, z)
2u(y, z)
[∂zϕ(y, z)]
2 − Cϕ[m
2(y, z)]
2
[∂µϕ(y, z)]
2
}]
,
where the Lagrange multiplier fields were integrated out to give the constraint equations of RG β−functions as
∂ lnm2(y, z)
∂z
=
∂ lnZm2(y, z)
∂z
,
∂ lnu(y, z)
∂z
=
∂ lnZφ(y, z)
∂z
+
∂ lnZu(y, z)
∂z
(28)
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with the initial conditions of ∂ lnm
2(y,z)
∂z
∣∣∣
z=0
= 2 and ∂ lnu(y,z)∂z
∣∣∣
z=0
= (4 −D).
To compare this RG-reformulated effective field theory with the holographic dual effective field theory, we
consider an effective renormalized action. Here, we separate both the mass term of the IR effective action
Z−1m2(y, zf )m
2(y, zf )[φ
(R)
α (y)]2 and the RG-flow term of the bulk action −Zu(y,z)2u(y,z) [∂zϕ(y, z)]2 into their renor-
malized and counter-term parts as follows Z−1m2(y, zf )m
2(y, zf )[φ
(R)
α (y)]2 = m2(y, zf )[φ
(R)
α (y)]2 + [Z
−1
m2(y, zf) −
1]m2(y, zf)[φ
(R)
α (y)]2 and −Zu(y,z)2u(y,z) [∂zϕ(y, z)]2 = − 12u(y,z) [∂zϕ(y, z)]2 − Zu(y,z)−12u(y,z) [∂zϕ(y, z)]2, and keep only the
first terms in the renormalized effective action. Resorting to the formal RG β−functions Eq. (28), we consider
the following RG-reformulated renormalized field theory
ZR =
∫
Dφ(R)α (y)Dϕ(y, z) exp
[
−
∫
dDyZφ(y, zf )
{
[∂µφ
(R)
α (y)]
2 + [Zm2(y, zf )m
2 + ϕ(y, zf)][φ
(R)
α (y)]
2
}
−N
∫
dDy
{
− 1
2u
[ϕ(y, 0)]2
}
−N
∫ zf
0
dz
∫
dDyZφ(y, z)
{
− Zu(y, z)
2u
[∂zϕ(y, z)]
2 − Cϕ[m
2(y, z)]
2
[∂µϕ(y, z)]
2
}]
,
(29)
where both the renormalized mass and the interaction parameter have been replaced with the RG coefficients
of Zm2(y, zf) and Zu(y, z), respectively.
Taking the rotational symmetric ansatz for the metric tensor
gµν(x, z) = f(x, z)δµν , (30)
Eq. (26) leads to an effective holographic dual field theory
Z =
∫
Dφα(x)Dϕ(x, z) exp
[
−
∫
dDxf−D/2(x, zf )
{
f(x, zf )[∂µφα(x)]
2 + [m2 + ϕ(x, zf )]φ
2
α(x)
}
−N
∫
dDx
{
− 1
2u
[ϕ(x, 0)]2
}
−N
∫ zf
0
dz
∫
dDxf−D/2(x, z)
{
− 1
2u
[∂zϕ(x, z)]
2 − Cϕ
2
f(x, z)[∂µϕ(x, z)]
2
+
1
2κ
(
R(x, z)− 2Λ
)}]
. (31)
Here, the metric function f(x, z) is governed by the RG-flow equation
∂zf(x, z) =
(
− ∂2µGxx′ [f(x, z), ϕ(x, z)]
)
x′→x
[f(x, z)]2 (32)
with the initial condition f(x, 0) = 1, where the Green’s function is
{
f(x, z)(−∂2µ)−
(
1− D
2
)(
∂µf(x, z)
)
∂µ +
m2 + ϕ(x, z)
ǫ
}
Gxx′ [f(x, z), ϕ(x, z)] = f
D/2(x, z)δ(D)(x− x′).
(33)
Comparing Eq. (29) with Eq. (31), finally we express all the RG coefficients with the metric function f(x, zf )
and the order-parameter field ϕ(x, zf ), given by
Zφ(x, zf ) = f
−
D
2 +1(x, zf ) (34)
for the field renormalization,
Zm2(x, zf ) =
(
1 +
ϕ(x, zf )
m2
)
f−D/2(x, zf )− ϕ(x, zf )
m2
(35)
for the mass renormalization, and
Zu(x, z) = f
−1(x, z) (36)
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for the interaction renormalization. These equations result in the RG β−functions
βm2 ≡
∂ lnm2(x, zf )
∂zf
=
∂
∂zf
ln
{(
1 +
ϕ(x, zf )
m2
)
f−D/2(x, zf )− ϕ(x, zf )
m2
}
,
βu ≡ ∂ lnu(x, zf )
∂zf
= −D
2
∂ ln f(x, zf)
∂zf
. (37)
We also have Cϕ[m2(x, z)] = Cϕ. Here, the equation of motion for the order-parameter field is given by the
Euler-Lagrange equation of motion for ϕ(x, z) from Eq. (31),
0 =
1
u
(
− ∂2zϕ(x, z) +
D
2
[∂z ln f(x, z)]∂zϕ(x, z)
)
+ Cϕf(x, z)
{
− ∂2µϕ(x, z) +
(D
2
− 1
)
[∂µ ln f(x, z)]∂µϕ(x, z)
}
.
(38)
The UV boundary condition gives ϕ(x, 0) = 0 while the IR boundary condition leads to
D
4u
[∂z ln f(x, z)]z=zfϕ(x, zf ) =
(
Gφxx′ [f(x, zf ), ϕ(x, zf )]
)
x′→x
. (39)
This IR boundary condition should be regarded as an effective mean-field equation in the large N limit, where
all the coefficients of mass and interactions are renormalized and described by the renormalized metric function
f(x, zf ). The IR Green’s function is
{
− ∂2µ +
(D
2
− 1
)
[∂µ ln f(x, zf)]∂µ +
m2 + ϕ(x, zf )
f(x, zf )
}
Gφxx′ [f(x, zf ), ϕ(x, zf )] = f
D
2 −1(x, zf )δ
(D)(x − x′),
(40)
which determines the renormalized value of the order-parameter field ϕ(x, zf ). This completes the proof of
equivalence between the two partition functions of Eqs. (29) and (31).
IV. DISCUSSION: RICCI FLOW
Our emergent dual holographic theory is given by the partition function of Eq. (21), which consists of the
holographic effective action Eq. (23), the IR effective action Eq. (22) with the UV effective action Eq. (25),
and the kernel Eq. (24) for the evolution of the metric tensor. Here, only the Green’s function Eq. (24) encodes
the dynamics information of quantum matter fields while all other ingredients are geometrized. One may try
to geometrize even this dynamics information, reformulating the Green’s function in terms of the metric and
curvature tensors. Recalling the evolution equation for the metric tensor in the absence of interactions between
energy-momentum tensor currents, an interesting observation is that the second-order derivative of the Green’s
function with respect to the D−dimensional spacetime appears. Intuitively, it is natural trying to identify this
quantity with an effective curvature. In the context of the fractional quantum Hall effect, this identification has
been pointed out [57]. This discussion reminds us of Ricci flow.
The Ricci flow equation [58–63] is to describe the deformation of a Riemannian metric gµν(x, z) with an extra-
dimensional space coordinate z, here, which plays the same role as time. µ and ν cover the D−dimensional
spacetime coordinate 0, ..., D − 1. This evolution equation may be regarded as an analog of the diffusion
equation for geometries, given by a parabolic partial differential equation. The deformation is governed by Ricci
curvature, which leads to homogeneity of geometry. We conjecture that the evolution equation for the metric
tensor in the emergent dual holographic description is given by the Ricci flow equation
∂zgµν(x, z) = −2Rµν(x, z), (41)
where Rµν(x, z) is the Ricci curvature tensor. As a result, the dual holographic theory is given by the following
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partition function
Z = ZΛ
∫
Dϕ(x, z)Dgµν(x, z)
exp
[
−N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
− 1
2u
[∂zϕ(x, z)]
2 − Cϕ
2
gµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)]− CξR(x, z)[ϕ(x, z)]2
− 1
2λ
(
∂zg
µν(x, z) + 2Rµν(x, z)
)(
∂zgµν(x, z) + 2Rµν(x, z)
)
+
1
2κ
(
R(x, z)− 2Λ
)}
−N
∫
dDx
√
g(x, 0)
{
− 1
2u
(
ϕ(x, 0)− ξR(x, 0)
)2
− 1
2λ
(
gµν(x, 0)− gµνB (x)
)2}
−N
∫
dDx
√
g(x, zf )
{
− C
f
ϕ
2
gµν(x, zf )[∂µϕ(x, zf )][∂νϕ(x, zf )]− CfξR(x, zf )[ϕ(x, zf )]2
+
1
2κf
(
R(x, zf )− 2Λf
)}]
. (42)
Now, the quantum field theory is both holographically and geometrically dualized.
Here, we have to point out that the holographic RG flow gives rise to the Ricci flow naturally [64, 65].
Actually, the holographic dual effective field theory Eq. (23) turns out to reproduce this result at the fixed
point of the zf →∞ limit. To verify this statement, we consider the Hamilton-Jacobi formulation [4–6] for the
holographic dual effective field theory Eq. (23), given by
1√
g(x, zf )
∂
∂zf
I[ϕ(x, zf ), gµν(x, zf )] = Nu
2
{ 1√
g(x, zf )
∂I[ϕ(x, zf ), gµν(x, zf )]
∂ϕ(x, zf )
}2
−NCϕ
2
gµν(x, zf )[∂µϕ(x, zf )][∂νϕ(x, zf )]−NCξR(x, zf )[ϕ(x, zf )]2 + Nλ
2
{ 1√
g(x, zf )
∂I[ϕ(x, zf ), gµν(x, zf )]
∂gµν(x, zf )
}2
+Nβgµν [ϕ(x, zf ), gµν(x, zf )]
{ 1√
g(x, zf )
∂I[ϕ(x, zf ), gµν(x, zf )]
∂gµν(x, zf )
}
+
N
2κ
(
R(x, zf )− 2Λ
)
. (43)
Here, I[ϕ(x, zf ), gµν(x, zf )] is an effective IR action and
βµνg [ϕ(x, zf ), gµν(x, zf )] = g
µα(x, zf )
(
∂α∂α′Gxx′ [gµν(x, zf ), ϕ(x, zf )]
)
x′→x
gα
′ν(x, zf )
is the β−function for the RG flow of the metric tensor, which has to vanish in the zf →∞ limit corresponding
to a fixed point. When this β−function of the metric tensor vanishes at the fixed point, this Hamilton-Jacobi
equation is essentially reduced into that of the holographic duality conjecture [4–6], which reproduces the Ricci
flow [64, 65]. On the other hand, when the βµνg [ϕ(x, zf ), gµν(x, zf )] function does not vanish, it depends on both
ϕ(x, zf ) and gµν(x, zf ) through the Green’s function in an intertwined and nonlinear way, and this nonlinear
intertwined renormalization structure gives rise to difficulty in solving this Hamilton-Jacobi equation. This is
the reason why we reformulate the RG transformation in a recursive way in order to determine RG β−functions
non-perturbatively from our holographic dual effective field theory. The present prescription allows us to find
all the RG-transformation coefficients even away from quantum criticality (at any length scale), regarded to
generalize the holographic RG flow of the AdS geometry [66] towards that without conformal symmetry [50].
V. CONCLUSION
The emergent holographic dual effective field theory Eq. (21), given by the holographic bulk effective action
Eq. (23), the IR effective action Eq. (22) with the UV effective action Eq. (25), and the kernel Eq. (24) for the
evolution of the metric tensor, is an effective mean-field theory in the large N limit, which turns out to resum
quantum corrections in the all-loop order self-consistently. Here, the RG flow of the metric tensor describes
renormalization effects of interaction parameters, regarded as vertex corrections and intertwined with the Euler-
Lagrange equation of motion of the order-parameter field. This intertwined renormalization structure between
14
vertex and self0energy corrections is realized in the IR boundary condition, which corresponds to an effective
mean-field equation, where all interaction parameters are self-consistently renormalized and described by the
emergent background curved spacetime metric, responsible for the description of non-perturbative physics in
this dual holographic effective field theory.
Based on this dual holographic effective field theory, we proposed a prescription on how to find RG β−functions
in a non-perturbative way. Although the holographic renormalization method has been utilized to determine
such RG β−functions non-perturbatively in the holographic duality conjecture, it turns out that it is not easy
to solve the Hamilton-Jacobi equation of the holographic renormalization framework in our holographic dual ef-
fective field theory. The origin of this difficulty lies at the self-consistently intertwined renormalization structure
between the metric tensor and the order-parameter field away from quantum criticality, given by the β−function
of the metric tensor in Eq. (43) and not described by the AdS geometry. In this respect we reformulated the RG
transformation in a recursive way and obtained the formal expression Eq. (19), which manifests the nonlinearly
intertwined RG flow of the effective action through the emergent extra dimensional space. As a result, we could
find all the RG coefficients in terms of the emergent metric tensors non-perturbatively and express the RG
β−functions with the metric function even away from quantum criticality without conformal symmetry. This
prescription generalizes the holographic RG flow of the holographic duality conjecture in the present holographic
dual effective field theory. Furthermore, we conjectured that the RG β−functions may be related with the Ricci
flow equation of the metric tensor. Replacing the evolution equation of the metric tensor with the Ricci flow
equation, we proposed a both holographically and geometrically dualized effective field theory for a quantum
field theory.
It has been proposed that the Ricci flow constrains the RG flow of the entanglement entropy for a black
hole, resulting in monotonicity [67]. Recently, we calculated the entanglement entropy based on this effective
dual holographic theory and found entanglement transfer from quantum matter to classical geometry [44].
We claimed that this entanglement transfer serves as a microscopic foundation to the emergent holographic
description. It would be interesting to calculate the entanglement entropy of Eq. (42), where the Ricci flow
may constrain the entanglement transfer.
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